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ABSTRACT 
It is shown that the numerical range of a tridiagonal operator with 0 main diagonal 
is symmetric with respect to the origin. Some related specialized results under 
stronger hypotheses are included. In particular, if the order of a matrix is 3, then its 
numerical range is an elliptical disk and is explicitly described. 
1. INTRODUCTION 
Let H be a Hilbert space with an inner product ( , >. The set of all 
bounded linear operators on H is denoted by B(H). The numerical range of 
an operator A E B(H) is the set 
It is well known that W(A) is convex, and its closure contains the spectrum 
of A. If dim H = n < ~0, then W(A) reduces to the classical numerical range 
of a matrix. In contrast to the infinite dimensional case, the numerical range 
of a matrix is compact, as well as being convex. 
We assume throughout this paper that a Hilbert space is 
separable-equivalently, the dimension of the Hilbert space is countable 12, 
4.161. Suppose a Hilbert space H has a countable basis {eklk E N; we may 
assume that (ek}k E N is orthonormal, since the Gram-Schmidt orthonormal- 
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ization process [2, 4.61 gi ves an orthonormal basis for H. An operator 
A E B(H) is said to be tridiagonal if there is an orthonormal basis (eklk E N of 
H such that ( Aej, ei) = 0 whenever Ii -j] > 1. The entries ( Aei, e,), 
i = 1,2,. . . , form the main diagonal of A. Similarly, in the finite dimen- 
sional case, we say that a matrix A = (aij> E M, is tridiagonal if ajj = 0 
whenever )i - jl > 1. The numerical range of tridiagonal matrices has been 
partially discussed. When A = (aij) E M, is the shift matrix, Marcus and 
Shure [6, Lemma 31 and Eiermann [3, Lemma 31 showed that W(A) is a 
circular disk centered at the origin of radius cos[?r/(n + 111. Extensions of 
this result can be found in [l, 31. In [l, Theorem 51, it was shown that W(A) 
is a circular disk centered at the origin if A is tridiagonal and aii = a, + i i = 0 
for all i. In [3, Corollary 41, it was obtained that W(A) is an elliptical disk 
i 
z E C” : z = cos ( 1 5 (ae-“’ + be”), 0 < 8 < 277 1 
if for all i one has uii = 0, a, i+ i = a, and a,, i i = b for some complex 
constants a and b. 
In this paper, we compute the numerical range of tridiagonal operators 
with 0 main diagonal. Some sharper geometric properties under stronger 
hypotheses are included. 
2. TRIDIAGONAL OPERATORS 
We first observe a geometric property of the numerical range of a tri- 
diagonal operator with 0 main diagonal. 
THEOREM 1. Let A E B(H) be a tridiugonul operator with 0 main 
diagonal. Then W(A) is symmetric with respect to the origin. 
Proof First, we claim that for any operator B E B(H), if S is a closed 
subspace of H then 
W(R) = u W&J (1) 
x, Y 
where x and y vary over all unit vectors in S and S 1 respectively, and 
B = 
(Bx,x) (By,d 
XY (Bx,y) (By,y) " 
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Let xESand YES’ be unit vectors. For any unit vector [ (Y, /I IT in 
C2, we have I](Yx + Brll = 1 and 
(Bx,x) (ByA 
(Bx,y) (By,y) 
= aZ(Bx, x> + $3(By, x> + ap(Bx, y> + P&By, y> 
Hence W( Bxy) c W(B). On the other hand, if z E H is a unit vector, then 
there exist unit vectors x E S, y E S L and a unit vector [ CY, PIT E C2 such 
that z = cyx + p y. It follows that 
which completes the claim. 
Now suppose A E B(H) and there exists an orthonormal basis {ek}k E N of 
H such that A is tridiagonal with 0 main diagonal. Let S be the closed 
subspace of H generated by {ai, ea, e5, . . . ], i.e., the closure of the set of all 
linear combinations of {el, ea, . . .}. Then S ’ is the closed subspace gener- 
ated by {ei?, e4,. . .}. For each x E S, we have the Fourier series representa- 
tion [2] 
Then we compute that 
Furthermore, the value ]2j - 1 - (2k - 111 is either 0 or greater than 1, and 
thus ( Aezl_ i, e2k_ i> = 0 by the assumption. Therefore, ( Ax, x) = 0. Simi- 
larly, ( Ay, y ) = 0 whenever y E S ’ . Hence 
0 
A = 
*Y 
bky) 
(2) 
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Assume (Ay, x) = I( Ay, x)leiel and (Ax, y) = I(Ax, y)leiez. Set cr = 
(0, - 8,)/2 and p = (8, + 0,>/2. Define a unitary matrix 
u = eirr 0 
i 1 0 1’ 
Then 
l(Ay, x>l 
o . 
Thus 
. (3) 
Since W 
i( 
O 
IcAy, x)1 
I( ‘4x, y)l 1) 
is a closed elliptical disk centered at the 
origin, having its major Ls on the x-axis with length I( Ay, x )I + I( Ax, y )I 
and minor axis of length l(l( Ay, x)1 - I( Ax, y)l)l, it follows that W(A,,) is a 
closed elliptic disk centered at the origin with major axis parallel to eiP. Thus 
W(A) is symmetric with respect to the origin. ??
The method used in the proof of Theorem 1 gives a sharper result under 
certain stronger hypotheses. 
THEOREM 2. Let A E B(H) be a tridiagonal operator with 0 main 
diagonal. Let {ekIk E N be an orthonormul basis of H such that ( Aej, ei > = 0 
whenever )i -jl > 1. Zf ( Aej_i, e3) = (Aej+l, ej> is a constantfor all odd 
indicesj, and is also a constant for all even indices j, then W(A) is a closed 
elliptical disk centered at the origin. 
Proof. Let S be the closed subspace generated by {e,, e3, es, . . . }. From 
(1) and (2) we have 
W(A) = u W( A,,), 
x, Y 
where x and y vary over all unit vectors in S and S ’ and 
0 
A = XY (Ax,y) 
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Suppose ( Aej_l, ej) = (Ae. ,+ 1, ej > equals a for all odd indices j and equals 
b for all even indices j, for some complex constants a and b. Then we have 
(AX, y> = C (x, e2j-l)Ae2j-lT 
jeN 
= j,gN ( x, e,j_1) (Y, eek) (b-1, e2k) 
= C (x,e2j-l>(Y,e2k)(Ae2j-l,e2k) 
tzj-l-2klGl 
Similarly, 
(Ay, x> = c (y, e2k) <XT e21-l)a. 
I2j-l-!2kl<l 
Set 
.Z= C (X,e2j-l) (Y,e2k). 
I2j-l-2kl91 
Then 
z = c (x,e2k_1) (y,e2k) + c cxJ e2k+l) (YTe2k) ’ 
ksN kEN 
and (AX, y) = bz, ( Ay, x) = Z. Let a = /al eiel, b = lb1 et’s, and p = 
(6, + e2)/2. Then following the procedure of (3) with these values of 8, 
and 8,, we have 
U*A,,U = eia( ,lz “I’). 
Applying a method used in [4, p. 191, the two matrices 
208 MAO-TING CHIEN 
are unitarily similar through the matrix 
where z = lzl e’*. Hence 
W(4,) = e@W( ( ,iz, ‘a’)). 
Note that W 
0 la-l (l 1) ,b_, o is an elliptical disk centered at the origin, having 
its major axis on the re axis with length I az I + lbz I and minor axis of length 
Klazl - IbzlN Thus W(A,,) is an elliptical disk centered at the origin, having 
its major axis parallel to eiP with length (I al + lb l>l z I and minor axis of length 
Klal - lbl)l lzl. Now since the composition 
(unit ball of S) X (unit ball of S ’ ) + C + [0, 03) 
defined by 
(x, y) * 2 H IZI 
is continuous, it follows that the composition function assumes its maximum 
t-. Taking this r, W(A) is a closed elli tical disk centered at the origin, having 
its major axis parallel to the vector e tap with length r(lal + lbl) and minor axis 
of length r(lal - lbl)l. ??
3. TRIDIAGONAL MATRICES 
It is easy to see that the same proofs of Theorem 1 and Theorem 2 work 
in the finite dimensional case, and thus the results hold for matrices. 
Furthermore, in the following, we give conditions for the numerical range of 
a tridiagonal matrix to be a circular disk, and estimate the radius of the disk. 
For a matrix A E M,, the spectral radius p(A) is the largest absolute 
value of the eigenvalues. Given a set J C {l, 2,. . . , n}, we denote by A(]‘) 
the principal submatrix of A formed by deleting rows and columns indicated 
bY 1. 
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THEOREM 3. Let A = (a,,) E M, be a tridiagonal matrix with 0 main 
diagonal. lf ajj+laj+lj = 0 for all j = 1,2,. . . , n - 1, then W(A) is a 
circular disk centered at the origin of radius not greater than 
1 
2 I<j<n 
max (laj-lj + ajj-ll + l”jj+i + uj+lj IO]> 
where aol = alO = a, n + 1 = a,,+ 1 ,, = 0. 
Proof. For every 8, 0 Q 8 Q 27r, let Ho = (e”A + eCieA*)/2, and 
p,,(t) = det(tZ - Ho), the characteristic polynomial of Ho. Then we have the 
recurrence 
p,(t) = tpn-l(t) - +lalzeie + E2,e-fe12p,_2(t). 
where 
an d 
p,_z(t) = det[(tl - H,)((1,2}‘)]. 
Hence the coefficients of p,(t) are functions of the quantities Ia, ii_ leie + 
7i j+lje -ie12. Thus, if ajj+luj+ll = 0, we have lujj+leie + iil,,ie-“12 = 
I”/j+ll’ or l”j+lj 12. Hence p,(t) is independent of 8, and therefore, by [l, 
Theorem 51, W(A) is a circular disk centered at the origin, say of radius r. 
We claim next if A = (ajj) E M, satisfies the hypotheses, then A is similar 
to I AJ = (la,jl) via a diagonal unitary matrix. The proof will be by induction 
on n. The induction begins with n = 2. Assume that aI2 = la121eio’ and 
a2, = la,,le’P. Choose 
i 
if aI2 # 0, 
4 = j,“’ if a21 # 0, 
0, if aI2 = u2r = 0. 
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Define the 2 X 2 diagonal unitary matrix D = diag(1, e’“). Then we have 
that D*AD = 1 Al. Now assume that the claim is true for some k. If 
A = (Uij> E Mk+l satisfies the hypotheses, then there exists a diagonal 
unitary matrix D = diag(e”gl, ei@2,. . . , eidk) E M, such that D*BD = 1 BI, 
where B E M, is the principal submatrix of A that appears in the upper left 
COITlel- Of A. Assume akk+i = ]ekk+l]e’e and $+ik = ]~k+i,k]ei7. Define 
$k - 8, if ukk+l + 0, 
k+l = 4k+ 7, if ak+lk +o, 
0 if akk+i = ek+lk = 0. 
Then the diagonal unitary matrix U = diag(e’“1,. . . , e’+‘, eiek+l> E Mk+l 
yields the desired similarity U*AU = I Al. Thus, by the same proof as given 
above for W(A), we find that W(] A]) is a circular disk centered at the origin 
of radius r, which, by [5, 1.5.71, equals the maximal eigenvalue of (IAl + 
]A]r)/2. Let (Y = maxi,jcn_l 
matrix. It is clear that 
]u~~+~ + uj+ijl, and let S E M, be the shift 
IA1 + lAlT s + ST 
2 
Qo 
2 * 
By [4, 81.181, we have the inequality 
and by [3, Corollary 41, 
Therefore, 
?r 
r d ff cos - ( 1 n+1 * (4) 
Moreover, the Perron-Frobenius theorem [4, 8.3.11 asserts that p((JAl + 
I AlT>/2> is the maximal eigenvalue of ([Al + IAIT>/2, and a well-known 
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bound [4, 8..22] for the Perron value estimates that 
‘=p 
~ max l”j_lj + ajj-ll + I”jj+l + uj+ljl 
2 1 (5) l<j<n 
the maximum row sums of (I Al + I AIT)/2. The last assertion follows immedi- 
ately from (4) and (5). ??
Let A E M, be a tridiagonal matrix with 0 main diagonal. It is clear that 
W(A) is an elliptical disk when n = 2. In the following, we show explictly 
that W(A) is also an elliptical disk when n = 3, but when n = 4, that may 
not be the case. 
THEOREM 4. Let A = (aij) E M, be a ttidiagonal matrix with 0 muin 
diagonal. Assume u12a21 -t u23u32 = la12a,, + a23a,,lei*. Then W(A) is an 
elliptical disk centered at the on’gin, having major axis parallel to the vector 
eitii2 with length 
(lu12l2 + b,J2 + lu2312 + b3212 + 2lq,a,, + a,,a,,ly2 
and minor axis of length 
(lu1,12 + b,,12 + lQ312 + b3212 - 2la,,a,, + a23a,21)1’2. 
Proof. Let H, = (e”A + eeieA*)/2. Assume A, is the maximal eigen- 
value of H,, and r, is an associated unit eigenvector. Then by [S, 1.5.11 and 
1.5.121, the point 
Pii = xe*A% 
is a boundary point of W(A) and 
W(A) = conv{pe:O < 8 < 27r} 
where conv stands for the convex hull of a set. Direct calculations show that 
the characteristic polynomial of H, is 
t3 - t 
la12eie + Z21e-ie12 + la2,eie + ii32e-ie12 
4 
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Thus the maximal eigenvalue 
A, = $u12ei” + a,,e-“y + (u23ei6 + z32e-“~12)1’2 
= +[ lalz12 + 1~2~~1~ + la2,12 + la,,12 + 2Re(al,uz, + u,~,,)e~~~]~‘~ 
= ~[lq212 + 1~2~~1~ +- lu21l2 + lu3212 + 2ReIu,,a,, + u23u32/,2i(e+~/2)]1’2 
=a l [(la,,12 + b2312 + l42 + 1$3212 + 2 la&z21 + u,,u,,l) 
x cosy 8 + q/2) 
+(laJ + b2312 + b,112 + b3212 - 2 la&z,, + u,,u,,l) 
Xsin2( 8 + q/2)] 1’2. (6) 
The corresponding unit eigenvector can be computed by Ho x0 = A, x0, and 
we have 
1 %., T 
T tih, ’ 
-1 
where 
h, = 
a12eie + ii,,e-” a23ei’ + ii,,e-“’ 
2 
and h, = 
2 * 
Hence 
%2% + u23X2 + u2,h + u32h2 
Pe = 
q/ii737 
= &[(l%212 + la23l2 + lai112 + lu3212)e-ie + 2(u,,aal + u23u32)eie] 
1 
=_e 
% 
i”2[(la,212 + lQ12 + lU2,12 + lu3212)e-ice++/2) 
+2 ~~~~~~~ + u23u,,leYs+~‘2)]. (7) 
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Assume e-iJI/2pe = u, + iv,, and let 
u = Ial + la2312 + ln,,12 + lu3212 + 2 la,,a,, + a23a32l 
an d 
v = laJ + la231n -t laJ2 + IUJ - 2 bl”U21 + a234 
From (7), we compute that 
1 * 
U% a---ucos e+- 
443 i i 2 
an d 
1 * 
vO= -zvsin C?+T 
fi ! 1 
From (8) and (91, we have 
UB” 1 9 
- = 2 u cos 2 e+- 
u/4 4h, i i 2 
and 
Vi 1 
- = -2) sin2 e + f . 
v/4 4/g ( 1 
I$ (6), we have 
4/i;=ucos2 sty + ( “) vsin2(0+ t). 
It follows from (10) and (111, that we have 
2 
U% 
2 
0% 
------b-=1. 
u/4 c/4 
(8) 
(9) 
(10) 
(11) 
Hence {e-‘$/‘p@ : 0 < 8 c 237) is an ellipse centered at the origin, having 
its major axis on the x-axis with length 6 and minor axis of length A. The 
conclusion then follows. e 
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2- 
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FIG. 1. 
The following example shows that there is a tridiagonal matrix A E M, 
with 0 main diagonal such that W(A) is not an elliptical disk. Let A be given 
bY 
I 
0 1+i 0 0 
A=; ; 0.1 - i 0 
0 l+i ’ 
0 0 1 0 1 
We plot W(A) in Figure 1. 
The author is grateful for the helpful suggestions of the referee in 
improving the original manuscript. 
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